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{SJ . Abstract. We generalize the injectivity theorem of Esnault and Viehweg, and apply it 

to structure of log canonical type divisors. 

^ ■ 0. Introduction 

We are interested in the following lifting problem: given a divisor L on a complex variety 
X and a closed subvariety Y C X, when is the restriction map 

O: 
< 

c-i . surjective? The standard method is to consider the short exact sequence 

1 Y (L) O x (L) O y (L) 0, 
which induces a long exact sequence in cohomology 

o r(x,i Y {L)) -> r(x, -> r(y, cv(l)) -> h\x,i y (l)) A if ^x, ■ • ■ 

The restriction is surjective if and only if a is injective. In particular, if H l (X, X Y (L)) = 0. 
If X is a nonsingular proper curve, Serre duality answers completely the lifting problem: 
\Q ; the restriction map is not surjective if and only if L ~ K x + Y — D for some effective 

Q\ ■ divisor D ^ Y. In particular, degL < deg(i\~x +Y)- If degL > deg(i^x + Y), then 

H l (X,l Y (L)) = 0, and therefore lifting holds. 

If X is a nonsingular projective surface, only sufficient criteria for lifting are known 
(see [19]). If if is a general hyperplane section induced by a Veronese embedding of suf- 
ficiently large degree (depending on L), then T(X, G X (L)) — > T(H, Og(L)) is an isomor- 
phism (Enriques-Severi-Zariski). If H is a hyperplane section of X, then H l (X, Ox{K x + 
cd : #)) = (i > 0) (Picard-Severi). 

These classical results were extended by Serre [15] as follows: if X is affine and J 7 is 
a quasi-coherent C^-module, then H l (X, J 7 ) — (i > 0). If X is projective, if is ample 
and J 7 is a coherent Ox-module, then H l (X, JF{mH)) = (i > 0) for m sufficiently large. 

Kodaira extended Picard-Severi's result as follows: if X is a projective complex man- 
ifold, and H is an ample divisor, then H l (X, O x (K x + H)) = (z > 0). This vanishing 
remains true over a field of characteristic zero, but may fail in positive characteristic 
(Mumford [13] )• Kodaira's vanishing is central in the classification theory of complex 
algebraic varieties, but one has to weaken the positivity of H to apply it successfully: it 
still holds if H is only semiample and big (Ramanujam [14]). or if K x + H is replaced by 
\K X + if] for a Q-divisor if which is nef and big, whose fractional part is supported by 
a normal crossings divisor (Kawamata |11] , Viehweg [18]). 
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The first lifting criterion in the absence of bigness is due to Tankeev [IT]: if X is proper 
nonsingular and Y C X is the general member of a free linear system, then the restriction 

T(X, O x (K x + 2Y)) r(F, y (K x + 2Y)) 

is surjective. Kollar [12] extended it to the following injectivity theorem: if if is a semi- 
ample divisor and D e \moH\ for some m > 1, then the homomorphism 

H*(X, O x {K x + mH)) /F(X, X (X X + m# + £>)) 

is injective for all m > l,g > 0. Esnault and Viehweg [6j [7] removed completely the 
positivity assumption, to obtain the following injectivity result: let L be a Cartier divisor 
on X such that L ~ K K x + Y^ihEi, where is a normal crossings divisor and 

< h < 1 are real numbers. If D is an effective divisor support by Ylb^i then the 
homomorphism 

#"(X, O x (L)) -> F«(X, + D)) 

is injective, for all q. The original result [7J Theorem 5.1] was stated in terms of roots of 
sections of powers of a line bundle, and restated in this form in [2J Theorem 3.2]. It was 
used in [H |2] to derive basic properties of log varieties and quasi-log varieties. 

The main result of this paper (Theorem 12 .3 j) is that Esnault- Viehweg's injectivity re- 
mains true even if some components Ei of D have 6, = 1. In fact, it reduces to the special 
case when all bi — 1, which has the following geometric interpretation: 

Theorem 0.1. Let X be a proper nonsingular variety, defined over an algebraically closed 
field of characteristic zero. Let £ be a normal crossings divisor on X , let U = X \ E. 
Then the restriction homomorphism 

H*(X, O x (K x + £)) H\U, Ou(Ku)) 

is injective, for all q. 

Combined with Serre vanishing on affine varieties, it gives: 

Corollary 0.2. LetX be a proper nonsingular variety, defined over an algebraically closed 
field of characteristic zero. Let E be a normal crossings divisor on X such that X\H is 
contained in an affine open subset of X . Then 

H«(X, O x (K x + Z)) = 

for q > . 

If X \ E itself is affine, this result is due to Esnault and Viehweg page 5]. It implies 
the Kodaira vanishing theorem, and its singular version implies the Kawamata- Viehweg 
vanishing theorem. 

We outline the structure of this paper. After some preliminaries in Section 1, we 
prove the main injectivity result in Section 2. The proof is similar to that of Esnault- 
Viehweg, except that we do not use duality. It is an immediate consequence of the 
Atiyah-Hodge Lemma and Deligne's degeneration of the logarithmic Hodge to de Rham 
spectral sequence. In section 3, we introduce the locus of canonical singularities and 
the non-log canonical locus of a log variety. The latter has the same support as the 
subscheme structure for the non-log canonical locus introduced in [TJ, but the scheme 
structure usually differ (see Remark 13 ,4p . In Section 4, we extend the injectivity theorem 
to the category of log varieties. In Section 5, we apply it to the structure of Cartier divisors 
L such that L ~r K + B for some log variety (X, B) with log canonical singularities. In 
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Section 6, we establish the lifting property ofT(X,Ox{L)) — > T(Y,Oy{L)) for a Cartier 
divisor L ~r K + B, with Y the non-log canonical locus of X (Theorem I6.2p . We give 
two applications for this unexpected property. For a proper generalized log Calabi-Yau 
variety, we show that the non lc-locus is connected and intersects every lc center. And 
we obtain an extension theorem from a union of lc centers, in the log canonical case. We 
expect this extension to play a key role in the characterization of the restriction of log 
canonical rings to lc centers. In Section 7, we obtain some vanishing theorems for sheaves 
of logarithmic forms of intermediate degree. The results are the same as in [TJ, except 
that the complement of the boundary is only contained in an affine open subset, instead 
of being itself affine. They suggest that injectivity may extend to forms of intermediate 
degree (Question 18. ip . In Section 8 we list some questions that appeared naturally during 
this work. 

1. Preliminary 

1-A. Directed limits. A directed family of abelian groups (An)mez consists of homo- 
morphisms of abelian groups <p mn : A m — > A n , for m < n, such that (p mm = id-A m and 
Vn P ° Vmn = ^Pm P for m < n < p. The directed limit lini m A m of (A m ) me i is defined as 
the quotient of ® m &A m modulo the subgroup generated by x m — <f mn (x m ) for all m < n 
and x m G A m . The homomorphisms // m : A m — > lim A n , a m i-> [a m ] are compatible 
with ifmn, and they satisfy the following universal property: if B is an abelian group 
and f n : A m — > B are homomorphisms compatible with y? mn , then there exists a unique 
homomorphism / : lim A m — > B such that f m — f o fi m for all m. From the explicit 
description of the directed limit, the following properties hold: lim ^ A n = U m fi m (A m ), 
and Ker(A m lini^ A n ) = U m < n Kei(A m — > A n ). In particular, we obtain 

Lemma 1.1. Let (A m ) m (zz be a directed system of abelian groups. 

1) A m — > lim^ A n is inactive if and only if A m — > A n is injective for all n>m. 

2) Let (B m ) m& x be another directed family of abelian groups, let f m : A m — > B rn 
be a sequence of compatible homomorphisms. They induce a homomorphism 
f : lim A m — > lini B m . If f m is injective for m > m 0; then f is injective. 

1-B. Homomorphisms induced in cohomology. For standard notations and results 
see Grothendieck [S]. Let /: X' — » X and tc: X — > S be morphisms of ringed spaces. 
Denote vr' = vr o / : X' -> S. 

Let J 7 be an Ox-module, T' an Ox'-module, and u: T — > f^J 7 ' a homomorphism of 
(9x- m odules. Then u induces functorial homomorphisms of 0$- modules 

Let T' be an O^'-module. Grothendieck-Leray constructed a spectral sequence 

E p 2 q = RP7r,(R q f,r) R p+q 7rl(F). 

Lemma 1.2. Let J 7 ' be an Ox 1 -module. Let u: f^T' — > f*T' be the identity. Then 
u: R^-n^f^F') —> R 1 ^^') is injective. 

Proof. Consider the Grothendieck-Leray spectral sequence. The exact sequence of terms 
of low degree is 

-> R^fJF 1 ) -)> R'Kir) -> ir*(R l f*F') -> R 2 n*(f*r) -> R 2 n' t (T') 
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Therefore the claim holds. □ 

Lemma 1.3. Let X be a prescheme and w: U C X an open embedding such that the 
natural homomorphism Ox w*Ou is an isomorphism. Let £ be a locally free Ox- 
module. Let 7r: X — > S be a noetherian separated morphism of preschemes. Then 
— > -R 9 (vr| t/) * 1 1/) is an isomorphism, for all q. 

Proof. First, we claim that the natural homomorphism £ — > w*(£\u) is an isomorphism. 
Indeed, this is a local statement, which reduces to the case £ = Ox- 

To prove the statement, we may suppose 5* is affine. For an open covering U of X, we 
obtain an isomorphism of Cech complexes 

C\U,E)^C % (JA\ V ,£\ V ). 

The topology of U is induced by that of X. Therefore any open covering of U can be 
refined by the restriction to U of some covering of X. Taking the direct limit after all U, 
we obtain isomorphisms 

E q {X,£)^E q {U,£\ u ). 

Both X and U are noetherian and separated, so the natural maps from Cech cohomology 
to cohomology are isomorphisms. Therefore H q (X,£) — > H q (U,£\u) are isomorphisms. 

□ 

Lemma 1.4. Let f: X' — > X be a Noetherian morphism of schemes, let J- 7 be an Ox>- 
module, T a locally free Ox -module and u: T — >■ f^T' a homomorphism. Suppose there 
exists an open subset w: C/CI such that Ox^-w*Ou , f '■ / -1 (C/) —tU is an isomorphism 
and u is an isomorphism on U . Let it: X — » S be a noetherian morphism of schemes, 
and denote n' = n o / : X — > S. Then u: R q ^^T —> FPn'^F' is injective for all q. 

Proof. Denote v = 7r\u, v' = 7r'|/-ij/. Consider the commutative diagram 



B?K{F) *R*vl(F 



RH^ R q v*(F\u) 

where the horizontal arrows are restrictions to open sets and the vertical arrows are in- 
duced by u. Since / and u are isomorphisms over U, (3 is an isomorphism. By Lemma rO| 
a is an isomorphism. Therefore o a is an isomorphism. The diagram commutes, hence 
u q is injective. □ 

Example 1.5. Let /: X' — > X be a proper birational morphism of normal algebraic 
varieties. Then there exists an open dense subset w: U C X such that codimx(^\^0 > 2 
and — > U is an isomorphism. Since X is normal, it satisfies the property S2, so 
Ox—^w*Ojj- If moreover u is an isomorphism on U, Lemma [1.41 applies. 

1-C. Weil divisors. Let X be a normal algebraic variety defined over k, an algebraically 
closed field. A prime on X is a reduced irreducible cycle of codimension one. An R- Weil 
divisor D on X is a formal sum 

E 

where the sum runs after all primes on X, and ds are real numbers such that {E; ds 7^ 0} 
has at most finitely many elements. It can be viewed as an R-valued function defined on 
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all primes, with finite support. By restricting the values to Q or Z, we obtain the notion 
of Q- Weil divisor and Weil divisor, respectively. 

Let / G k(X) be a rational function. For a prime E on X , let t be a local parameter 
at the generic point of E. Define v E (f) as the supremum of all m G Z such that /t~ m 
is regular at the generic point of E. If / = 0, then i>.e(/) = +00. Else, v E (f) is a well 
defined integer. We have v E (fg) = v E (f) + v E (g) and v E (f + g) > min(v E (f),v E (g)). 

For non-zero / G fc(-X') define (/) = ^2 E v E (f)E, where the sum runs after all primes 
on X. The sum has finite support, so (/) is a Weil divisor. A Weil divisor D on X is 
linearly trivial, denoted D ~ 0, if there exists ^ f G such that D = (/). 

Definition 1.6. Let D be an R-Weil divisor on X. We call D 

• M.-linearly trivial, denoted D ~ K 0, if there exist finitely many r-j G R and 
O^/.G fc(X) such that D = J2i Ti{fi). 

• Q-linearly trivial, denoted D ~q 0, if there exist finitely many G Q and 

fc(X) such that D = Y Ji rtfi). 

If D ~q 0, then D has rational coefficients. Conversely, if D has rational coefficients, 
then D ~q if and only if D ~ K 0. If D ~k 0, we may perturb the non-integer coefficients 
of D to obtain a Q-divisor D' ~q 0. 

Definition 1.7. Let D be an R-Weil divisor D on X. We call D R-Cartier (Q-Cartier, 
Cartier) if there exists an open covering X = UjC/j such that D]^ ~k (-D|^ ~r 0, 
D\u i ~q 0) for all i. 

1-D. Complements of effective Cartier divisors. 

Lemma 1.8. Let D be an effective Cartier divisor on a prescheme X . Let U — X \ 
Supp(D) and consider the open embedding w: U CI. Then 

1) w is an affine morphism. 

2) Let J 7 be a quasi- coherent Ox -module. The natural inclusions J 7 \mD) <zJ-{nD), 
form < n, form a directed family of Ox-modules {J-{mD)) m gz, and 

lim F(mD) = w*(T\u). 

m 

3) Let 7r: X — > S be a quasi-compact morphism and T a quasi- coherent Ox- 
module. Then lini ^ R q n*J- '(mD)^-R Q julu)*^^) for all q. 

Proof. Let X = U a V a be an affine open covering such D = (f a )a, for non-zero divisors 
fot e r(V a , O v J such that fjp 1 G F(V a n V p , O x ) for all a, (3. 

The set w~ l (V a ) — U C\V a — D(f a ) is affine, so 1) holds. Statement 2) is local, 
equivalent to the known property 

T{D(f a ),F) = r(V a ,T) fa = \v^T{V a ,F{mD)). 

m 

For 3), directed limits commute with cohomology on quasi-compact topological spaces. 
Therefore 

Y^RH*T(mD)^R q n*(YY^T(mD)) = RH^w^u)). 

m m 

Since w is affine, the Leray spectral sequence for w degenerates to isomorphisms 

B?n*(w*(jr\ u ))^K>(n\ u )*(r\ u ). 
Therefore 3) holds. □ 
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Lemma 1.9. Let f : X — >■ S be a proper morphism of preschemes. Let U C X be an open 
dense subset and V C S an open subset such that f(U) C V. The following properties 
are equivalent: 

1) The induced morphism g: U — >■ V is proper. 

2) U = f-\V). 

Proof. 1) ==>- 2): Consider the commutative diagram 

U — 

V 

Since /|/-i(v) is proper and g is separated, it follows that the open embedding t is proper. 
Since U is also dense in / _1 (V), we obtain £7 = 

2) ==>- 1): The morphism g is obtained from / by base change with open embedding 
V G S. Therefore it is proper. □ 

1-E. Convention on algebraic varieties. Throughout this paper, a variety is a scheme 
of finite type over an algebraically closed field k of characteristic zero. 

1-F. Differentials forms with logarithmic poles. Let (X, E) be a log smooth pair, 
that is X is a nonsingular variety and E is an effective divisor with at most normal 
crossings singularities. This means that for every point P 6 X, the homomorphism 
®x,p -> Cs,p is isomorphic to k[[Ti, . . ., T n ]] ->■ fc[[Ti, . . . , T n ]]/ (n» e / for ra = dimX 
and some J C {1, . . . , n}. 

Denote U = X \ E. Let w: U — > X be the inclusion. Then is the complex 

of rational differentials on X which are regular on [7, denoted £l x (*Ti). The subcomplex 
consisting of forms oj such that both u> and gLo> have at most simple poles along E is denoted 
fi^(logE) (see [1]). We have f^(logE) = Ox(Kx + ^), where Kx is the canonical divisor 
of X and n = dimX. 

Theorem 1.10. [211311] The inclusion Q' x (\ogT,) C w*(Qu) is a quasi-isomorphism. 

Theorem 1.11. [5J The filtered complex (fi^-(logE), F), where F is the naive filtration, 
induces a spectral sequence in hypercohomology 

Ef = tf*(X,n* (logE)) =► ff+*(X,^(logE)). 

// X is proper, this spectral sequence degenerates at E\ . 

Lemma 1.12. Let v: E^ — > E be the normalization. Then the sequence 

-> X E g> fi^flog E) -> fi^ — >■ i/*(^„) -> 

«s e:rac£ /or a// p. 

1-G. Covering trick. Let T be a Q-divisor on X such that T ~<q and Supp{T} C E. 

Let r > 1 be minimal such that rT ~ 0. There exists a rational function ip e A;(X) X 
such that (</?) = rT. Consider the field extension k(X) C fc(X)(.//</?). Let t' : X' — > X 
be the normalization of X in this extension. The normal variety X' is irreducible, with 
at most quotient singularities, and r' is smooth over X \ Supp{T}. Let \i: Y — > X' be 
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a resolution of singularities such that r = Ey is a normal crossings divisor, where 
t = r 1 o ft. We obtain a commutative diagram 




X 

Lemma 1.13. 3.22] R q T*tt p Y (log Ey) = for q > 0, and 

r^ y (log£y) = ©r-ifiP (logE*) <g) Ox(L*Tj). 

2. INJECTIVITY FOR OPEN EMBEDDINGS 

Let (X, £) be a log smooth pair, with X proper. Denote U = X \ E. 

Theorem 2.1. T/ie restriction homomorphism H q (X, K x + H) — >■ H q (U,Kjj) is injective, 
for all q. 

Proof. Consider the inclusion of filtered differential complexes 

(^(logE),T) C (^(*E),T), 

where F is the naive filtration of a complex. Let n = dimX. The inclusion F n C F° 
induces a commutative diagram 

H 9+n (X, F n n x (\og £)) H 9+n (X, fi^(log E)) 



W +n (X } T n ft^(*£)) ^ IF +n (X, n x (*T,)) 

By Theorem 11.101 a is an isomorphism. Theorem 11.111 implies that is injective. There- 
fore a o (3 injective. Therefore a n is injective. 

But T n Q^(logE) = fi$(logE)[-n] and T n ^(*E) = ^(*E)[-n]. Therefore a" be- 
comes 

a n : iT(X,^(log£)) -> «»(*£)) 

The inclusion {7 C X is an affine morphism, so H q (X, f2^(*E)) — )■ H q (U,Qij) is an 
isomorphism. Therefore a n becomes the restriction map 

a^#«(X,J]£(tog£))^ff«(l7,fi&). 

□ 

Corollary 2.2. Let T be a Q-divisor on X such that T ~q and Supp{T} C £. In 

particular, T\u has integer coefficients. Then the restriction homomorphism 

H q (X, O x {K x + £ + [T\ )) -> iT(f/, C^r/ + Tit;)) 
injective, for all q. 

Proof. We use the notations of the cyclic covering trick. Denote V = r _1 ({7) = Y\ Ey. 
By Theorem 12.11 the restriction map 

H q (T, O y (K y + Ey)) H q (V, O v {K v )) 
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is injective. This map is compatible with the action of the cyclic group of order r, so it 
induces isomorphisms between the corresponding eigenspaces. By Lemma 11.131 and the 
Leray sequence, these maps are the restriction maps 

H«(X,O x (K x + Z+ LzTj)) -+H«(U,O u (K u + iT\ u )). 

□ 

Theorem 2.3. Let X be a proper non-singular variety. Let U be an open subset of X 
such that X\U is a normal crossings divisor with irreducible components (Ei)i. Let L be 
a Cartier divisor on X such that L ~k Kx + Yli hEi, with < b{ < 1 for all i. Then the 
restriction homomorphism 

H%X,O x {L)) H^U,Ou(L\u)) 

is injective, for all q. 

Proof. We may perturb the coefficients and suppose L ~q K + J2i ^%Ei and k e Q for 
all i. Set S = J2i ^% an d T = L — K — b^Ei. Then T ~q 0, {T} = h}Ei and 

L = K x + E + L^J • Corollary Ogives the claim. " □ 

Remark 2.4. Let U C U' C X. It follows that H q (X,O x (L)) ->■ (!V(£|t/')) is 

injective for all g. 

Remark 2.5. Recall that for an Ox-module J 7 , r^pT, J 7 ) is defined as the kernel of 
T(X, J 7 ) — >■ r({7, J 7 ^). The functor r s (X, •) is left exact. Its derived functors, denoted 
(H^(X,J-))i>o, are called the cohomology of X modulo U, with coefficients in T. For 
every J 7 we have long exact sequences 

o ->• r s (x, j 7 ) -> r(x, j 7 ) -)• r(c/, f\u) -> ^(x, j 7 ) -> h\x,f) -> h^u^iu) ->• • • • 

Therefore Theorem 12.31 says that the homomorphism H^(X, Ox{L)) — > H q (X, Ox{L)) is 
zero for all g. Equivalently, = 0, and for all g we have short exact sequences 

-> ff'pf, O x (L)) -> O x (L)) -> 0. 

Remark 2.6. By Lemmas 11.11 and ll.8[ Theorem 12.31 is also equivalent to the following 
statement: let D be an effective Cartier divisor supported by S. Then the long exact 
sequence induced in cohomology by the short exact sequence 

O x (L) O x (L + O d (L + D) 

breaks up into short exact sequences 

-> £> X (L)) -> + -D)) -> + D)) -> (g > 0). 

In particular, for g = we obtain a surjection 

O x (L + D)) 1(1^, C D (L + £>)) 0. 

Corollary 2.7. Lei -D 6e an effective Cartier divisor supported by S. JTien 

-> # 9 (X, O x (K + £)) -> O x (K + £ + D)) -> H q (D, O d (K + £ + £>)) -> 

a snort exaci sequence, for all q. 

Proof. The injectivity of H q (X,O x (K + £)) -> H q (X,O x (K + £ + D)) follows from 
Theorem 12.11 □ 
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Corollary 2.8. The homomorphism T(X, O x (K + 2E)) S (X + 2E)) is surjec- 

tive. 

If S is the general member of a base point free linear system, this is the original result 
of Tankeev pTTj Proposition 1] . 

3. Log pairs 

A log pair (X, B) consists of a normal algebraic variety X, endowed with an R-Weil 
divisor B such that K + B is M-Cartier. If B is effective, we call (X, B) a log variety. 

3-A. Canonical locus. Let (X, B) be a log pair. Let /i: X' — > X be a birational con- 
traction such that (X', Exc(/^) U Supp ^ X B) is log smooth. Let [i*(K + B) = Kx> + £>x' 
be the induced log pair structure on X'. Define 

U = X\/i(Supp 5^). 

The set U does not depend on the choice of /i, by the following 

Lemma 3.1. Let fi: (X', — >■ (X, B) be a log crepant birational contraction of log pairs 
with log smooth support. Then /i(Supp B l>0 ) = Supp-B >0 . 

Proof. First, we claim that B' < [i*B. Indeed, X is non-singular, so Kx> —fi*K is effective 
/^-exceptional. From fi*(K + B) — K x > + B' we obtain 

fi*B - B' = K x < - H*K > 0. 

To prove the statement, denote U = X \ Supp(5 >0 ). Then B\u < 0. The claim for 
W'B'U-HU)) (U,B\u) gives B%-i {u) < 0. Therefore /i(Sup P 5' >0 ) C 
Supp5 >0 . For the opposite inclusion, note that Suppi? >0 has codimension one. Let E 
be a prime in SuppS >0 . Since \x is an isomorphism in a neighbourhood of the generic 
point of E, E also appears as a prime on X' and mult e(B') = mult e(B) > 0. Therefore 
E C n{SuppB' >0 ). □ 

We call C/ the canonical locus of (X, B). It is the largest open subset U of X with the 
property that (C/, has canonical singularities. We have 

X \ (Sing(X) U Supp(5 >0 )) C U C X \ Supp(B >0 ). 

The first inclusion implies that {7 is dense in X. The second inclusion is an equality if 
(X, Supp B) is log smooth. 

3-B. Non-log canonical locus. Let (X, B) be a log pair with log smooth support. Write 
B = ^2 E bEE, where the sum runs after the prime divisors of X. Define 

b E <0 b E >l 

Then N(B) is a Weil divisor. There exists a unique decomposition N(B) = N + — N~ , 
where N + ,N~ are effective divisors with no components in common. Then Supp(X + ) = 
Supp(5 >1 ) and Supp(X-) = Supp( J B <0 ). We have 

Lfi >1 J - N + = E - 

0<b E & 
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In particular N + < \_B >1 \ , and the two divisors have the same support. Denote 

A(B) = B-N(B). 

We have A(B) = ^ 6 <0 {bE}E + J2b E >o^ E + 1 — \bE~\)E. The following properties hold: 

1) The coefficients of A (B) belong to the interval [0, 1]. They are rational if and 
only if the coefficients of B are. 

2) Supp(A(5)) = Supp( J B >0 )UU >6 B ^z^- In particular, (X,A(B)) is a log variety 
with log canonical singularities and log smooth support. 

3) multg A(.B) = 1 if and only if mult^ B e Z>o- 

Lemma 3.2. Let ii: (X', B') — > (X, B) be a log crepant birational contraction of log pairs 
with log smooth support. Then li*N(B) — N(B') is an effective //- exceptional divisor. In 
particular, 

O x {-N{B))=ii*O x >{-N{B')). 

Proof. The operation B i— > N(B) is defined componentwise, so fi*N(B) —N(B') is clearly 
//-exceptional. Decompose B = A + N and B' = A' + N'. From fi*(K + B) = K x > + B' 
we deduce 

H*N — N' = K x , + A' - n*(K + A). 

In particular, let E be a prime divisor on X'. And rug = mult£i(/A*iV — N'). Then 

m E = a(E; X, A) - a(E; X', A'). 

Here a(E; X, A) denotes the log discrepancy of (X, A) in the valuation of k(X) defined 
by E (see [2] for example). Since (X, A) has log canonical singularities and A' is effective, 
we obtain 

m E > 0- 1 > -1. 

If tue > — 1, then tue > 0, as it is an integer. Else, itie = — 1. In this case a(E; X, A) = 
and a(E;X',A') = 1. From a(E;X,A) = 0, we deduce that fi(E) is the transverse 
intersection of some components of A with coefficient 1. That is n{E) is the transverse 
intersection of some components of B with coefficients in Z>i. In particular, B > A near 
the generic point of n{E). We deduce 

= a(E; X, A) > a(E; X, B) = a(E; X', B') 

That is mult^S' > 1. Then mult e A' > 0, so a(E; X', A') = 1 - mult E A' < 1. Contra- 
diction. □ 

Definition 3.3. Let (X, B) be a log variety. Let /i: (X', B X ') — > {X, B) be a log crepant 
log resolution. Define 

l = li*O x ,(-N(B x ,)). 

The coherent (9x-module X is independent of the choice of /a, by Lemma 13.21 Since B is 
effective, the divisor N(B X >)~ = ~[B X ?\ is //-exceptional. Therefore 

TQpL*O x ,{N{B x ,)-) = O x . 

We call X the idea/ s/iea/ of the non-log canonical locus of (X,B). It defines a closed 
subscheme (X,B)_ oa of X by the short exact sequence 

-> X -)• Ox -> 0(x )J B)_ oc 
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We call (X, B)_ OQ the locus of non-log canonical singularities of (X,B). It is empty if 
and only if (X,B) has log canonical singularities. The complement X \ (X,B)_ CJO is the 
largest open subset on which (X, B) has log canonical singularities. 

Remark 3.4. We introduced in [TJ another scheme structure on the locus of non-log 
canonical singularities of a log variety (X, B). The two schemes have the same support, 
but their structure sheaves usually differ. To compare them, consider a log crepant log 
resolution /i: (X',B X >) — > (X,B). Define 

N s = [B§\ = N{B X ,) + Yl E - 

mult e {B x i ) SZ> i 

Denote B x , = J2 E b E E. Then N s - N{B X .) = £ fefieZ>1 E and [B x ,\ - N s = £ bB=1 E. 
In particular 

N <N S < [B x ,\. 

We obtain inclusions of ideal sheaves fi*0 X '(—N) D fi*(D X '(—N s ) D ji^O X '{— [B X /\ ). 
Equivalently, we have closed embeddings of subschemes of X 

Y^Y S LCS(X,5), 

where Y s is the scheme structure introduced in pQ and LCS(X, B) is the subscheme 
structure on the non-kit locus of (X, B). 

Consider for example the log variety (A 2 , 2Hi + H 2 ), where Hi, H 2 are the coordinate 
hyperplanes. The above inclusions are 

Hi 2Hi 2Hi + H 2 . 

Lemma 3.5. Let fi: (X', B') — > (X, B) be a log crepant birational contraction of log pairs 
with log smooth support. Then ^[B^l — [B x }\ is effective fi- exceptional divisor. In 
particular, 

O x {-[B^\)=^O xl {-[B x ]\). 

Proof. The operation B i— > [-^ J i s defined componentwise, so fi* [B^\ - [B^}\ is clearly 
//-exceptional. The equality n*(K + B) = K x > + B x > becomes 

lf\B&\ - [B X ]\=K XI + B=} + {B X ]}~^{K + B= 1 + {B^}). 

Consider the multiplicity of the left hand side at a prime on X'. It is an integer. The 
right hand side is > — 1. If > —1, it is > 0. Suppose it equals —1. This implies 
a{E; X, B =1 + {B^ 1 }) = 0. Then a(E; X, B =1 ) = and B = B= l near the generic point 
of n{E). Then a(E; X' , B x >) = 0. Then the difference is zero. Contradiction. □ 

3-C. Lc centers. For the definition and properties of lc centers, see [2]. The only differ- 
ence is that we also declare X to be an lc center of a log variety (X, B). This convention 
is important for the statement of Theorem 15.81 For example, any log variety contains at 
least one lc center, and contains exactly one if and only if it has kit singularities. 

Lemma 3.6. Let (X, B) be a log variety with log canonical singularities. Let D be an 
effective IBL-Cartier W-divisor on X, let Z be the union of lc centers of (X,B) contained 
in SuppD, with reduced structure. Then (X, B + eD)-^ = Z for < e <C 1. 



12 FLORIN AMBRO 

Proof. Let /i : X' — » X be a resolution of singularities such that (X', Supp B X ' USupp fi*D) 
is log smooth, where fi*(K + B) = Kx> + Bx', and has codimension one. We have 

[i*(K + B + e-D) = + + efi*D. Since the coefficients of £>x' are at most 1, for 
< e C 1 we obtain the formula 

N(B X , + efi*D) = [B<?\ + J2 E 

mult B (_B Jf /)=l,^(E)CSupp D 

= \_B<}\ + J2 K 

mult E {B x ,)=l,tJ,(E)CZ 

By the proof of [1, Theorem 4.4.(i)], l z = ^O x >(-N(B x > + e/x*D)). That is l z = 

'^(X,B+eD)^ ao - □ 

4. Injectivity for log varieties 

Theorem 4.1. Let (X,B) be a proper log variety with log canonical singularities. Let U 
be the canonical locus of (X, B). Let L be a Cartier divisor on X such that L ~k K + B. 
Then the restriction homomorphism 

H*(X,O x (L)) -+ H^U,O v {L\u)) 

is injective, for all q. 

Proof. Let fi: X' — > X be a birational contraction such that X' is non-singular, the ex- 
ceptional locus Exc n has codimension one, and Exc /iUSupp(/i 1 T 1 -B) has normal crossings. 
We can write 

Kx> + fJ-^B + Excfi = /i*(K + B) + A, 

with A supported by Exc [i. Since (X, B) has log canonical singularities, A is effective. 
Denote B' = ^B + Exc fi - {A} and V = fi*L + [A\ . We obtain 

L' ~ R K X i + B' . 

Denote U' = X' \ B'. We claim that U' C /i _1 ({7). Indeed, this is equivalent to the 
inclusion 

Supp(£') D ^~V(Supp^?). 

By Zariski's Main Theorem, Exc/i = \ V), where V is the largest open subset 

of X such that /i is an isomorphism over V. Over X \ V, the inclusion is clear since 
Exc/i C Suppi?'. Over V, /i is an isomorphism and the inclusion becomes an equality. 
This proves the claim. 

Since A is effective and fi*A = 0, we have O x {L)—)-iJi^O X i{L'). From U' C // -1 ({7) we 
obtain a commutative diagram 

H*(X', O x ,{L>)) H*(U', O ut (L'\u,)) 

H*(X, O x (L) H^U, Ou{L\ v )) 

By Theorem 12.31 a 1 is injective. Since O x (L) = fi*0 X '(L r ), /i is an isomorphism over V, 
and codimx(X \ V) > 2, Lemma [1.41 implies that (3 is injective. Then a' o (3 is injective. 
The diagram is commutative, so a is injective. □ 
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Corollary 4.2. In the assumptions of Theorem 1^.1 , let D be an effective Weil divisor 



such that Supp(.D) D U — 0. Then the natural homomorphism 

H*{X, O x {L)) H q (X, O x (L + D)) 

is injective, for all q. 

Proof. Consider the commutative diagram 

H"(X, O x {L)) ^ H q (X, O x (L + D)) 

P 

H"{U, Ou(L\u)) 1 H*{U, Ou({L + D)\ v )) 

Since D is disjoint from U, 7 is an isomorphism. Since (3 is injective, we obtain that 70/3 
is injective. Therefore a is injective. □ 

Suppose moreover that D is effective Cartier, disjoint from the canonical locus of (X, B). 
Then the long exact sequence induced in cohomology by the short exact sequence 

-> O x {L) -> O x (L + O d (L + D)^0 

breaks up into short exact sequences 

-> H q (X, O x {L)) -> if 9 (X, + D)) -)• H q (D, O d (L + D)) -> (g > 0). 

This statement generalizes the original result of Esnault and Viehweg Theorem 5.1]. 

5. Applications 

Throughout this section, (X, B) is a log variety with log canonical singularities, and L 
is a Cartier divisor on X. 

5-A. Multiplication maps. Suppose X is proper, and if is a Cartier divisor on X. 

Corollary 5.1 (Kollar injectivity). Let L ~k K + B. Suppose the linear system \nH\ is 
base point free for some positive integer n. Let mo > 1 and s G T(X,O x (moH)) such 
that s\c 7^ for every Ic center of (X, B). Then the multiplication 

®s: H q {X,O x {L + mH)) ->■ H q {X, O x {L + (m + m )H)) 

is injective for m > 1 and any q. 

Proof. Let (s) + m ii = D > 0. There exists a rational number < e < ^ such that 
(X, B + eD) has log canonical singularities. We have 

L + mH ~ K K + B + eD + (m — em )H. 

There exists n > 1 such that the linear system |n(m — emo)i?| has no base points. Let 
Y be a general member, and denote B' = B + eD + iy. Then (X, has log canonical 
singularities, Supp D C Supp 5' and 

L + mH ~m K + B' 

Since Supp(L>) is disjoint from the canonical locus of (X, B'), Corollary 14.21 gives the 
injectivity of H q {X, L + mH) -> H q {X, L + mH + D), for all q. □ 
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Corollary 5.2 (Castelnuovo-Skoda division). Let V C T(X,Ox{H)) a vector subspace 
such that V ®fc Ox — > Ox{H) is surjective. If L ~r K + B + tH and t > dim^ V , then 
the multiplication map 

V ® k H%X, O x (L - H)) H q {X, O x {L)) 

is surjective, for all q. 

Proof. We use induction on dimV. If dimV^ = 1, then V = kip, with ip: Ox—>Ox{H). 
Then ®ip: Ox{L — H) — > Ox{L) is an isomorphism, so the claim holds. 

Let dimV^ > 1. Let ip G V be a general element, let Y = (ip) + H. Then the claim is 
equivalent to the surjectivity of the homomorphism 

V\ Y ®H 9 {X,L-H)\y -> H q (X,L)\ Y 

where H q (X, L)\y denotes the image of the restriction map H q (X, L) — » H q (Y, L\y), and 
H q (X, L-H)\ Y denotes the image of the restriction map H q (X, L-H) ->■ H q (Y, L—H\y). 

Assuming H q {X,L-H)\ Y = H q (Y, L\ Y ) and H q {X,L-H)\ Y = H q {Y, (L - H)\ Y ), we 
prove the claim as follows: we have L ~r K+B+Y+(t— 1)H . By adjunction, using that Y 
is general, we have L\ Y ~ K K Y + B\ Y + (t — 1)H\ Y , (Y, B\ Y ) has log canonical singularities, 
and t - 1 > dimV - 1 = dimK| y . Therefore V\ Y ® H q (Y, (L - H)\ Y ) -> H q {Y,L\ Y ) is 
surjective by induction. 

It remains to show that H q (X, L) — )■ H q (Y, L\ Y ) and H q {X, L - H) H q (Y, L - H\ Y ) 
are surjective. Consider the second homomorphism. We have 

L - Y ~ K K + B + (t - l)H = K + B + eF + (t - 1 - e)H 

Since K is general, (X,B + eY") has log canonical singularities for < e < 1. Since H 
is free, we deduce that L — Y ~ K K + B' with (X, B') having log canonical singularities, 
and Y C Supp^'. Corollary gives the injectivity of H q+1 {X,L- Y) -> H q+1 (X,L), 
for all g. Therefore H q (X, L) — >■ H q (Y, L\ Y ) is surjective, for all g. The surjectivity of the 
other homomorphism is proved in the same way. □ 

5-B. Regularity. Suppose X is proper. 

Theorem 5.3. Suppose L ~k K + B. Suppose the canonical locus of (X,B) is contained 
in some affine open subset [/'CI. Then H q (X, Ox{L)) = for q > 0. 

Proof. Let [/ be the canonical locus of (X, B). Let q > 0. The restriction homomorphism 
iP(X, -> # 9 (t/, Ou(L\u)) is injective. It factors through H q (U', O w {L\ w )) = 0, 

hence it is zero. Therefore H q (X, Ox{L)) = 0. □ 

Corollary 5.4 (Kodaira-Kawamata-Viehweg vanishing). Suppose X is projective and the 
R-divisor L-K-B is R-ample. Then H q (X, O x {L)) = forq>0. 

Proof. Denote H = L — K — B. We may perturb the coefficients of B and H and suppose 
they are rational. Then some positive multiple nH is very ample. There exists n > such 
that the linear subsystem \nH\ embeds X > P. Let Y e |nif | be a general member. In 
particular, X \ Y is affine. 

Denote B' = B + -Y. Then (X, B') has log canonical singularities and L ~q K + B'. 
The canonical locus of (X, B') is contained in X \ Supp(-B'), which is contained in X \ Y. 
The latter is affine, so Theorem 15.31 gives H q (X, Ox{L)) = for q > 0. □ 
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5-C. Irregularity as deficiency. Suppose X is proper and L ~u K + B. 

Lemma 5.5. Let H be a general hyperplane section of X . Then we have an exact sequence 

o r(x, o x {L)) ->• r(x, o x (l + h)) t(h, o h {l + h)) f x (x, l) o 

and isomorphisms H q ~\H, O u (L + H))^H q (X, O x {L)) for q>2. 
Proof. Consider the short exact sequence 

-> O x (L) -> £>x(£ + #) -> + H)->0. 

Since L + H - (K + B) ~ R H is ample, Corollary E21 gives #«(X, + H)) = for 

g > 0. Therefore the long exact sequence induced in cohomology breaks up into the above 
exact sequence and isomorphisms. □ 

Theorem 5.6. Let 1 < q < dimX. Let Hi, . . . , H q be general hyperplane sections of X , 
let Y = n 9 =1 Hi and L' = L + Y11=i ^i- Then there exists an exact sequence 

-> V{X,X Y {L')) -> F{X, O x {L')) T(Y, Oy{L')) -> #«(X, O^(L)) -> 0. 

Proof. We use induction on q. For g = 1, the statement follows from the Lemma f5.5L Let 
q > 2. Consider Hi. It is again normal, and by the adjunction formula we have 

(K + B + Hi)\ Hl = K Hl + B u 

for a log structure (Hi, Bi) on Hi with log canonical singularities. Then (L + Hi)\h 1 ~r 
Kh x + Bi. From L' = (L + Hi) + Y11=2 Hi, we obtain by induction an exact sequence 

F(Hi, Hl (L')) -+ T(Y, Y (L')) -+ H q -\Hi, Hl (L + Hi)) -> 0. 

By Lemma [531 H q ~ x (Hi, On x {L + Hi))^-H q (X, L). Also, we have an exact sequence 

T(X, O x (L')) -> T(H U Hl (L')) # X (X, - 

Since L' — Hi — (K + 5) ~ K J^ =2 #j is ample, we deduce from Corollary 15.41 that 
H\X, O x (L' - Hi)) = 0. Therefore T{X, O x {L')) ->■ r(#i, Hl (L')) is surjective. Then 
they have the same restriction to Y, and we obtain the claim. □ 

In particular, dim fc H q (X, O x (L)) equals the deficiency of the restricted linear system 
\L + Hi + h H q \\y (see Hodge [TO] for the original statement). 

5-D. Torsion freeness. Suppose L ~k K + B. 

Lemma 5.7. Suppose X is proper over an affine variety. Let h e T{X,O x ) such that 
h\c 7^ for every Ic center C of (X, B). Then the multiplication 

®h: H q (X,O x (L)) -+ H q (X,O x (L)) 

is infective, for all q. 

Proof. Step 1: We prove the statement in the special case when (X, Supp B) is log smooth. 
Let 7r : X — > S be a proper morphism, with S affine. Let S A N be a closed embedding. 
Let F N \ A N = H be the hyperplane at infinity. Let 5" be the closure of S in W N . 

By Nagata, there exists an open embedding ICI such that X is proper over k. The 
morphism 7r induces a rational map tt: X --■> 5", which is regular on X. By Hironaka, 
there exists a birational contraction //: X' — > X such that /i is an isomorphism over X, 
the induced rational map tt': X' — > S' is regular everywhere, and (X' , E' + Supp B') is 
log smooth, where B' is the closure of B in X' and E' = X' \ X. 
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Denote H' = -k'*(Hq). By construction, the linear system \H'\ has no base points. Since 
X — > S is proper, Lemma fL9l gives X = 7r /_1 (S'). That is £' = Suppi/'. 

Using the open embedding X C X', h becomes a rational function on X' with poles at 
most along There exists mo > 1 such that (h) + itlqH' is an effective divisor on X'. 
So h identifies with a global section h! G T(X', Ox'{fnoH')). 

Let L be the closure of L in X'. Then L ~u Kx> + B' + N for some R-divisor X 
supported by E'. Denote L' = L — [N\. Then 

U ~ K K x , + B' + {iV}, 

and the log variety (X', £?' + {N}) has log canonical singularities. Its lc centers are the 
closure of the lc centers of (X, B). By assumption, h! G r(X', Ox'(rn H')) does not vanish 
identically on any of these lc centers. Let q > 0. By Corollary 15.11 the multiplication 

®ti: H q {X',O x >{L' + mH')) ->• H q (X' ,O x >{L' + (m + m )H')) 

is injective, for all m > 1. By Lemma [1. 11 we obtain an injection 

®ti: hm# 9 (X',0 x ,(L' + mH')) ->■ hm# g (X', + (m + m )H')). 

m m 

Since X is the complement in X' of the Cartier divisor H', h'\x = h and L'\ x = L, 
Lemma 11.81 identifies this homomorphism with 

H*(X,O x (L)) -+H*(X,O x (L)). 

Step 2: We reduce the general case to Step 1. By Hironaka, there exists a birational 
contraction /z: X' — >■ X such that (X', Supp-Bx') is log smooth, where fi*(K+B) = K x > + 
B x > is the log crepant pullback. Let A = \-B$] , B' = B x ° + {B<?} and V = fi*L + A. 
Then 

L ~ R K X i + B 

and (X', B') has log canonical singularities, with log smooth support. If C is an lc 
center of (X',B'), then //(C) is an lc center of (X, B). Therefore /i*h G T(X', Ox 1 ) does 
not vanish identically on any lc center of (X',B'). Step 1 gives the injectivity of the 
multiplication map 

®H*h: H q (X> \O x >{L')) -> H q (X> \O x .{L')). 
Since O x {L) = fj,*Ox>(L'), this fits into the commutative diagram 

H*(X', Ox'(L')) ®"* h , tf«(X', X ,(L')) 

H«(X, X (£)) - H*{X, O x {L)) 

By Lemma [1.41 /3 is injective. Since ®p*h is injective, it follows that <g)h is injective. □ 

Let 7r : X — )• 5 be a proper morphism. 

Theorem 5.8. Let w: V C S be an open subset such that V fl 7r(C) 7^ /or ewer?/ Zc 
center C of (X, I?) . Then the homomorphism 

R 9 TT*0 X (L) W*(i?%*C>x(L)|y) 

injective, for all q. In other words, a local section of R q TT^O x (L) is zero if its support 
does not contain the ir -image of some lc center of(X,B). 
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Proof. Denote J 7 = R q ir*Ox{L). The statement is local on S. We may suppose S is 
affine, and we have to show that the restriction T(S, J 7 ) — >■ T(V, J 7 ) is injective. 

There exists a non-zero divisor h G T(S, Og) such that D(h) C V and -D(/i) ri7r(C) 7^ 
for every lc center C of (X, B). We have a commutative diagram 

r(^j-) *T{V } JF) 



T{D{h),F) 

Therefore suffices to show that T(S, J 7 ) — > T(D(h), J 7 ) is injective. This homomorphism 
identifies with the localization 

which is injective if and only if ®h m : T(S, J 7 ) — > T(S, J 7 ) is injective for all m > 1. 
Consider the commutative diagram 

«(X, O x (L)) : #«(X, 



r(s, jf) - r(s, j 7 ) 

Since S is affine, the Leray spectral sequence implies that the vertical arrows are bijective. 
By Lemma [5 .7\ the top horizontal arrow is injective. Therefore ®h m is injective. □ 

Corollary 5.9 (Kollar torsion freeness). Suppose tt(C) = S for every lc center C of 
(X,B). Then the Os-module R q 7r^Ox{L) has no torsion, for all q. 

Corollary 5.10 (Grauert-Riemenschneider vanishing). Let 71: X — > S be a proper mor- 
phism, generically finite onto its image. Suppose X is non-singular. Then R q 7r*Ox{K) = 
for q > 0. 

Proof. We may suppose S = ir(X). Then V = {s G S; dimX s = 0} is a non-empty open 
subset. Since X is the only lc center of X and V fl vr(X) 7^ 0, the homomorphism 

R q TT*Ox(K) ^ w*{R q 7c*O x {K)\ v ) 

is injective. The right hand side is zero for q > 0. Therefore R q ir*Ox{K) = 0. □ 

Suppose S is a nonsingular curve, X is nonsingular, and 7r is surjective. Let P G S 
be a closed point such that the support of the fiber S = SuppX p is a normal crossings 
divisor. Then Steenbrink [16] showed that i2%*Q^-(logE) is locally free for all p, q. For 
differential forms of top degree we can generalize his result as follows: 

Corollary 5.11. Suppose S is the germ of a non-singular curve near a closed point P. 
Suppose R q ir*Ox{L) contains a section with support P. Then 7r _1 (P) contains a log 
canonical center of (X, B), and 7r -1 (P) is not contained in Supp(S). 

Proof. If no log canonical center of (X,B) is mapped onto P, then R q ir*Ox{L) has no 
torsion, a contradiction. Suppose Supp B contains the support of the fiber Xp. Then 
there exists e > such that B — eXp is effective. Then L ~r K + B — eXp, and no 
lc center of (X, B — eXp) is mapped onto P. Then R q ir*Ox{L) has no torsion, again a 
contradiction. □ 
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Corollary 5.12 (Ohsawa-Kollar vanishing). Let (X', B) be a log variety with log canonical 
singularities, let f : X' — >■ X be a proper morphism. Suppose X is projective, H is a Q- 
ample divisor on X and L is C artier on X' such that L ~r Kx> + B + f*H . Then 
H p (X, R q f*L) = 0forp>0,q>0. 

Proof. We use induction on dimX. If dimX = 0, the statement is clear. Suppose 
dimX > 0. Let m ^> 1 such that \mH\ embeds X into the projective space and 
H p (X,R g f*L(mH)) = for p > 0,q > 0. Let C G \mH\ be a general member. De- 
note S = f*C, g = f\ s : S -)■ C, L s = (L + S)\s. By adjunction, L\ s ~ M K s + B\ s and 
(S, B\s) has log canonical singularities. Consider the long exact sequence induced by /* 
and the short exact sequence 

->■ L -> L(S) ->■ L 5 ->■ 0. 

The edge homomorphism R q ~ 1 g Jf (Ls) — >■ R q f*L is zero by Theorem 15.81 since the first 
term is supported by C, which contains no /-image of an lc center of (X, B). Therefore 
the long exact sequence breaks up into short exact sequences 

R q f*L ->• R q f*{L + S)^ R q g*L s ->• 

We obtain in cohomology an exact sequence 

Hf-\C, R q g*L s ) -+ W{X, R q f*L) -> H*(X, R q f*(L + S)) 

The third term is zero by assumption. Since dimlm(g) < dimlm(/), the first term is zero 
for p — 1 > by induction. Therefore we obtain 

H*>(X,R q f*L) = 0(p>l,q>0). 

Consider the Leray spectral sequence 

E vq = H P (X, R q f*L) =^ H p+q (X', L). 

We have = for p > 1. Therefore d r = for r > 2. In particular, 

H\X,R q UL) ^H 1+q (X',L) 

is injective. Consider the commutative diagram 

H 1+q (X', L) ?L H 1+q (X', L + S) 



H\X,R q f*L) H\X,R q f*L{C)) 

We have L ~r K + B + —S. By Theorem 14.11 a' is injective. From above, (3 is in- 
jective. Therefore a is injective. By construction, H l (X, R q f*L(C)) = 0. Therefore 
H\X,R q f*L) = 0. □ 

6. Restriction to the non-log canonical locus 

Let (X, B) be a proper log variety, let L be a Cartier divisor on X such that L ~k K+B. 
Suppose the locus of non-log canonical singularities Y = (X,B)_ OQ is non-empty. 

Lemma 6.1. Suppose (X, Suppi?) is log smooth. 
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1) The long exact sequence induced in cohomology by the short exact sequence 

-> X y (L) -> -> C y (L) -> 

breaks up into short exact sequences 

-»■ H q (X,l Y (L)) -»■ iF(X, £> X (X)) -»■ # 9 (F, Oy(L)) -»■ (g > 0). 

2) Let E be a prime divisor on X such that mult e B = 1. The long exact sequence 
induced in cohomology by the short exact sequence 

-> Xy(X - £) -> - £) -> Cy(L — £)—)• 

breaks up into short exact sequences 

->■ H q (X,l Y (L - ->■ /P(X, - E)) -> if*(y, £> y (X - £?)) -> (g > 0). 

Proo/. Let X = N(B), so that Xy = O x (-N). We have X - N ~ R AT + A and N is 
supported by A. By Corollary EES the natural map 7f 9 (X, O x (L-N))-> H q (X, O x {L)) 
is injective for all q. 

We have L - E - N ~ R X + A - £. Since mult B A = 1, we infer that A - E 
has again coefficients in [0,1], and supports N. Therefore H q (X,O x (L — E — N)) — > 
H q (X, O x {L — E)) is injective for all g. □ 

Theorem 6.2 (Extension from non-lc locus). We have a short exact sequence 

o -> r(x,Xy(x)) -)■ r(x, o x (x)) -> r(r, o y (x)) -> o. 

Proof. Let (X',B X /) — >• (X,B) be a log crepant log resolution. Let N(B X >) = N = 
N + - N~ and A = 5 X , - N(B X ,). We have 

//X - X ~ M AT X / + A 

and N + is supported by A. By Theorem 12.31 we obtain for all q short exact sequences 

/F(X', O x ,(ij*L - AT)) -)■ O x ,(fi*L + N~)) O n+ (h*L + N~)) — >■ 

By definition, Xy = ^O x >(—N). Thus Xy(L) = fi*O x >(fi*L — N), and we obtain a 
commutative diagram 

O x/ (/2*L + N~ - N+)) — #«(X', O x/ (v*L + X-)) 

H q (X,l Y (L)) - O x (L)) 

From above, 7 9 is injective. By Lemma [1.2[ /3 1 is injective. Therefore 7 1 o /3 1 is injective. 
Therefore a 1 is injective, which is equivalent to our statement. □ 

6-A. Applications. 

Theorem 6.3 (Inversion of adjunction). Let (X,B) be a proper connected log variety 
such that K + B ~ R 0. Suppose Y = (X, B)^^ is non-empty. Then Y is connected, and 
intersects every Ic center of(X,B). 
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Proof. By Theorem 16.21 we have a short exact sequence 

o -> r(x,x y ) -> r(x, o x ) -> r(y, ev) -> o. 

We have = T{X,X Y ), k^T{X, O x ). Therefore k^T(Y, O y ), so Y is connected. 

Let C be a log canonical center of (X, B). Let // : (X', B x >) — > (X, -B) be a log resolution 
such that /i (C) has codimension one. Let E be the part of contained in /i (C). 
We have //(E) = C. Let £' = B x , - S and X = JV(B') = iV(S X ')- We have 

-E - iV ~ R K x , + A(B') 

The boundary A(B') supports N + . By Theorem 12. 3^ we obtain a surjection 

F(X', O x ,(-Z + AT)) ->• T(N + , N+ (-E + AT)). 

We have T(X', x /(-E + iV~)) C r(X,X c ) = 0. Therefore r(X', x ,(-£ + ^~)) = 0. 
Therefore 

t(n + ,o n+ (-j: + n-)) = o. 

Since T(iV+, £V+(-£ + X")) C T(N + , N +(N~)) ^ 0, we infer S n iV+ ^ 0. Therefore 

cnr^0. □ 

Theorem 6.4 (Extension from lc centers). Let (X,B) be a proper log variety with log 
canonical singularities. Let L be a Cartier divisor on X such that H = L — (K + B) is a 
semiample Q-divisor. Let m > 1, D G \m H\, and denote by Z the union of lc centers 
of(X,B) contained in SuppD. Then the restriction homomorphism 

T{X,O x {L))^T{Z,O z {L)) 

is surjective. 

Proof. We have L ~q K + B + eD + (1 — ^-)H. By Lemma [3T6l we may choose < e < 1 
such that (X, B + eD)_ 00 = Z. Let mi > 1 such that the linear system \m\H\ has no 
base points. Let D' G \miH\ be a general member. Then 

L ~q K + B + eD + (- — )D' 

mi itlqItli 

and (X, J B + eJ D + (^-^) J D')-oo = Z. By TheoremES T(X,O x (L)) -> F(Z,O z (L)) 
is surjective. □ 

Corollary 6.5. Let (X, B) be a proper log variety with log canonical singularities such 
that the linear system \mi(K + B)\ has no base points for some mi > 1. Let m > 1, 
D G \m (K + B)\, and denote by Z the union of lc centers of(X,B) contained in SuppD. 
Then 

T(X, O x (mK + mB)) -> T(Z, O z (mK + mB)) 
is surjective for every m > 2 such that mK + mB is Cartier. 

Proof. Apply Theorem EH to m(K + B) = K + B + (m - 1){K + B). □ 
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7. Differential forms of intermediate degree 

Let (X, E) be a log smooth pair such that X is proper and U — X \ E is contained in 
an afhne open subset of X. 

Theorem 7.1. tf«(X, fi^(logE)) = forp+q > dimX. In particular, H«(X,K X + T,) = 
for q > . 

Proof. Consider the de Rham complex f2^(logE) of rational differential forms on X with 
at most logarithmic poles along E. Let U' be an affine open subset of X containing U. 
The inclusions U C U' C X induce a commutative diagram 

H r (X, fi^(logE)) -H r ([/,^) 

ET^^logE)^) 

Since C/' is affine, W(U', fi* (togE)^,) = for g > 0. Therefore e r (f/', ^(logE)]^) is 
the r-th homology of the differential complex T(U' ,Q° X (log Y,)). Since fi^(logE) = for 
p > dimX, we obtain 

W(U',n m x (logE)\ ut ) = for r > dimX. 

Let r > dimX. It follows that the horizontal map is zero. But it is an isomorphism by 
Theorem 11.101 Therefore 

e r (x,^(io g E)) = o. 

By Theorem 11.111 we have a non-canonical isomorphism 

H r (X,^(logE)) ~ © p+q=r ^(X,^(logE)) 

Therefore H q (X, n p x (log E)) = for all p + q = r. □ 

Let T be a Q-divisor on X such that T ~q and Supp{T} C E. In particular, T\u has 
integer coefficients. 

Theorem 7.2. H q (X, tt x {log E) <g> O x {\T\)) = for p + q > dimX. In particular, 
H q (X, K x + E + [T\) = for q > 0. 

Proof. We use the notations of the cyclic covering trick. Let X \ E C U' , with U' an 
affine open subset of X. Let V = r _1 (W). By Lemma [1.131 the Leray spectral sequence 
associated to ir\v>- V — >• V and f2 y (logEy)|y/ degenerates into isomorphisms 

^(\Z,^(logE)| y )^(V r ',^(logE y )| y 0- 
Since V is affine, the left hand side is zero for q > 0. Therefore 

H q {V \t%(logE Y )\v>) = for q > 0. 
In particular, the spectral sequence 

E\ q = #«(F',fiP(log£y)|yO HP(V,^(log£y)|yO 

degenerates into isomorphisms 

h r {r{v',n Y (iogZ Y ))) ~w{V,n Y (iogZ Y )\ v ,), 
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where the first term is the r-th homology group of the differential complex T(V, f2 y (log Ey)). 
Since f2 y (logEy) = for p > dimY, we obtain 

e r (V',fi y (logSy)| y O = for r > dimF. 

Let V = t~ 1 (U) = Y \ Ey. The restriction map 

W{Y, Q' Y (log Ey)) -> H ? '(^, ^(log Ey)|y) 

is an isomorphism by Theorem II. 101 It factors through W(V', f2 y (logEy)|y/), hence it is 
zero for r > dimF. Therefore 

H r (y,fiy(logEy)) = for r > dimF 

By TheoremOU W(Y, fiy(logEy)) ~ © p+?=r #<?(Y, n£(log£y)). Therefore 

# 9 (F, fiy (log Ey)) = for p + g > dim Y. 

The cyclic group of order r acts on H q (Y, f2 y (log Ey)), with eigenspace decomposition 



'i=0 



/^(X,^(logE)®0 x (L*Tj)). 



Therefore F«(X, f^(log E) <g> £> x ( [TJ )) = 0. □ 
7-A. Applications. 

Corollary 7.3. H q (X, fi^ (log E) <g) O x (— E — [TJ)) = forp + q < dimX. In particular, 
H q (X, -E - [T\) = for all q < dim X. 

Proof. This is the dual form of Theorem I7.2[ using Serre duality and the isomorphism 
(^(E)) v ^^ mX - p (logE)®O x (-ir x -E). □ 

For T = 0, we obtain if 9 (X,Zs <8> fi^(log E)) = for all p + g < dimX. In particular, 
H q (X,X s ) = for all q < dimX. 

Corollary 7.4. Let v: E v — >• E be the normalization. Then 

is* : H«(X, n p x ® LTJ )) fi*„ ® l /*O x (- LTJ )) 

is bijective for p + q < dim E and injective for p + q = dim E. 

Proo/. Denote K pq = H q (X, f^(logE) <gi £>*(-£ - |TJ)). The short exact sequence of 
Lemma 11.121 induces a long exact sequence in cohomology 

K pq -> H q (X,n p x <g> C X (-[TJ)) ^ Hi^,^ <g> z/*C x (-[Tj)) -> X M+1 

By Corollary 17. 3[ a 9P is bijective for g + 1 < dimX — p, and injective for g + 1 = 
dim X — p. □ 

Corollary 7.5 (cf. Lefschetz). Letv: H u — >■ E 6e £/ie normalization. Thenv* : H r DR (X) — > 
H r DR {Yi u ) is bijective for r < dim E anc? injective for r = dim E. 

Proof. Set T = 0. The Hodge to de Rham spectral sequence degenerates at £i and is 
compatible with the maps above. □ 

Corollary 7.6. Oppose Supp{T} = E. Then H q (X, Q x (\og E) <g> Ox(L T J)) = for all 
p + q 7^ dimX. 

Proof. For p + g > dimX, this follows from above. For p + g < dimX, apply the dual 
form to — T, using — E — [—T\ = [T\. □ 
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Corollary 7.7. Suppose X \ Supp{T} is contained in an affine open subset of X . Then 
H q (X, [TJ ) = for q < dimX. 

Theorem 7.8 (Akizuki-Nakano) . Let X be projective non-singular variety defined over 
k, an algebraically closed field of characteristic zero. Let L be an ample divisor. Then 
H q {X,Q p x (L)) = forp + q > dimX. 

Dually, W(X,Q P X (-L)) = for p + q < dimX. 

Proof. There exists r > 1 such that the general member Y G \rL\ is non-singular. Set 
T = L — -Y and E = Y. Then T ~q 0, Supp{T} = E and X \ E is affine. We also have 
|TJ = L — Y . By Theorem 17.21 we obtain 

H q (X, tt p x (\ogY) ® O x (L - Y)) = for p + q > dimF. 

The short exact sequence of Lemma [1.121 tensored by L, gives an exact sequence 

H q (X,Q p x (\ogY)(L-Y)) ^ H%X,Q P X (L)) ^ H q (Y,Q p Y (L)). 

Let p + q > dimX. The first term is zero from above, and the third is zero by induction. 
Therefore Hi{X, Q p x ® O x {L)) = 0. □ 

Corollary 7.9 (Kodaira). Let X be projective non-singular variety defined overk, an al- 
gebraically closed field of characteristic zero. Let L be an ample divisor. Then H q (X, Kx+ 
L) = forq> 0. 

8. Open questions 

Question 8.1. Let (X, E) be a log smooth pair, with X proper. Denote U = X\H. Then 
H q (X, Q p x (\og E)) -> H q (U, %) is injective for p + q > dimX ? 

Example 8.2. Let P G S be the germ of non-singular point, of dimension d > 2. Let 
fi: X — > S be the blow-up at P, with exceptional locus E ~ P d_1 . Denote U = X \ E. 
The residue map 

R d - l ^O x {K x + E)^ P?"" 1 h*Oe{Ke) 

is an isomorphism, so R d ~ 1 fj,*Ox{Kx + E) is a skyscraper sheaf on X centered at P. 
Since \i is an isomorphism on U, R d ~ l (n\u) *0 e(K E ) = 0. Therefore the restriction 
homomorphism 

R d - l ^O x {K x + E)^ R^inlu^OuiKu) 

is not injective. 

Question 8.3. Let (X, E) be a log smooth pair. Denote U — X \ E. Let tt: X — > S be a 

proper morphism, let n\u'- U — >• S be its restriction to U . Suppose that tt(C) = vr(X) for 
every strata C of (X, E). Then R q ir*Ox(Kx + E) — > R q (ir\u)*Ou(Ku) is injective, for 
allq? 

Question 8.4. Let (X, B) be a proper log variety. Suppose the locus of non-log canonical 
singularities Y = (X,B)_ OQ is non-empty. Let L be a Cartier divisor on X such that 
L ~u K + B. Then the long exact sequence induced in cohomology by the short exact 
sequence 

Ty(L) O x (L) -> Oy[L) 0. 
breaks up into short exact sequences 

-)• H q (X,l Y (L)) -> H q (X, Ox{L)) -)■ ^(F, O y (L)) -> (g > 0). 
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